Three-dimensional elastic-plastic (small-strain) finite-element analyses were used to study the stresses, deformations, and constraint variations around a straight-through crack in finite-thickness plates for an elastlc-perfectly plastic material under monotonic and cyclic loading.
INTRODUCTION
The importance of "constraint" in the analysis of notched or cracked bodies has long been recognized by many investigators.
Constraint refers to the buildup of stresses around a crack front due to the restraint against in-plane and out-of-plane deformation.
Out-of-plane constraint is mainly influenced by plate thickness whereas in-plane constraint has been associated with the closeness of the crack front to external boundaries.
The level of constraint depends upon the crack configuration and thickness, the type and magnitude of applied load, and the material stress-strain
properties.
The level of constraint influences fatigue-crack growth and fracture behavior of a cracked body. In the field of fracture mechanics, constraint has often been used only in a qualitative manner, such as planestress or plane-strain constraint.
In the last few years, however, a concerted effort by the fracture community (see for example, refs. I and 2) has been undertaken to quantify the influence of constraint on fracture. To evaluate various constraint parameters, two and three-dimensional stress analysis methods have been used to determine stress and deformation states for cracked bodies.
surface-crack configurations showed how constraint (in particular, the mean- The transfer of fatigue-crack-growth and fracture data from laboratory specimens to structural configurations depends upon the ability to calculate and match the constraint parameters with the appropriate crack-driving parameters (K, J or 6). A parametric study on the influence of configuration, thickness, crack length, and applied stress level on crackfront stresses, deformations, and constraint for standard laboratory Some numerical results for out-of-plane deformation will also be compared with experiments and another numerical analysis from the literature.
Three "local" constraint parameters related to the normal, tangential, and hydrostatic stress states will be compared for various crack lengths and plate thicknesses. These three constraint parameters were selected because they have been used in the literature to characterize constraint behavior for either fatigue-crack growth or fracture behavior. A "global" constraint factor eg was also defined for use in two-dimensional crack analyses to simulate three-dimensional effects. The global constraint factor was defined as the average through-the-thickness value of constraint over the plastic-zone region. Using the global constraint factor, the crack-tip opening displacements from a modified Dugdale model [17] were compared with the present three-dimensional results from small-to large-scale yielding
conditions. An application of the global constraint factor concept to model fatigue-crack growth under aircraft spectrum loading is presented. Plane-strain conditions were also imposed on some finite-element models to show limiting conditions. The material was assumed to be elastic-perfectly plastic with properties typical of a high-strength aluminum alloy. The modulus of elasticity (E) was selected to be 71,500 MPa, the flow stress (ao) was 500 MPa (unless otherwise stated), and Poisson's ratio (v) was 0.3. The finite-element models were subjected to either monotonic or cyclic loading. Under monotonic loading, the crack front was held stationary, but under cyclic loading, the crack was grown uniformly through the thickness by one element size at the maximum applied stress in each cycle. During unloading, the closure of the crack surfaces with contact stresses was modeled. x > O.6w to achieve the required c/w ratio. Therefore, the region around the crack front (O.4w _ x _ O.6w) was shifted but the element sizes and pattern were left unchanged. All models had the samenumber of elements (5,706) and nodes (7, 203) . A uniform displacement was applied across the y = h plane. In the incremental analysis, the displacement increment selected was thirty percent of the displacement required to yield the highest stressed element. The analyses were conducted on a super-computer and the analysis of each crack configuration was terminated when the plastic-yield region extended across the net-section. values of the applied normalized stress-intensity factor, K/(aoJW), where K is the two-dimensional stress-intensity factor. K was calculated from the well-known formula for the middle-crack tension specimen [24] . For the thick specimen (Fig. 4) , the normal-stress ratio remained high (about 2.8)
FINITE-ELEMENT ANALYSES

RESULTS AND DISCUSSION
As
at the crack front for all layers except the surface layer (Layer 6).
However, in the thin material ( Fig. 5) , the stresses at the crack front dropped noticeably in each layer, indicating a loss of local constraint.
The normal-stress ratio also dropped rapidly for elements away from the To show the variation of the three local constraint parameters (_, T and x) through the thickness, each parameter was normalized by its value at the mid-plane of the plate. The parameters are given by
The variation of _ and T with z/B for several thicknesses is shown in Figure   7 for c/w -0.5 and K/(ooJW) = 0.33. Although _ and T show similar trends, m varied more across the plate thickness than e. w variation of _ and x for the same configuration and loading.
showed nearly identical trends. The local constraint parameters e and x at the mid-plane for three different thicknesses is shown in Figure g as a function of applied stressintensity factor level. Both parameters are nearly independent of specimen thickness and increase as the applied stress-intensity factor level, K/(ooJW ), is increased up to about 0.5. Thereafter, the constraint parameters drop with increasing stress-intensity factor levels but show a sharp rise at K/(%Jw) = 0.8 which corresponds to the yield zone extending across the uncracked ligament. Again, the parameters _ and x showed the same trends but, of course, at different magnitudes; the trends in T are also similar. 
where Am is the projected area on the uncracked ligament of a yielded element m, (ayy/%) m is the normalized normal stress for element m, and AT is the total projected area for all elements (M) which have yielded.
The variation of _g with applied stress-intensity factor level for a wide range of plate thicknesses (B = 1.25 to 20 mm) is shown in Figure 10 for a c/w ratio of 0. For K/(ooJW ) = 0.33 (Fig. 12) , the normalized displacements were nearly constant through the thickness, except for some slight variations near the free surface (less than 10 percent). However, for the higher applied stress-intensity factor level ( Fig. 13) , significant variations in displacement through the thickness were calculated. At both applied stress-intensity factor levels, the results for the thick specimens showed a drop in displacement near the free surface, whereas the results for the thin specimen showed a rise in displacement at the free surface. Crack-surface displacements calculated at locations farther from the crack front (x/c < 0.9968) showed less variation through the thickness, as expected. from the 3D finite-element analyses (as shown in Fig. 10) .
The effective flow stress in the MDM was _g%. The solid curves agreed reasonably well with the finite-element results from small-to large-scale yielding conditions. Some differences were observed for the thick material for K/(ao/W ) greater than 0.7. The upper and middle dashed curves in Figure 14 show the solutions from the MDM for _g _ I and 3. At low values of applied K/(ao/W ), the FEM and MDM results approached the plane-strain solution.
However, at high values of applied K/(%Jw), the FEM results showed a loss of constraint. The vertical asymtote from the FEM results would be predicted from the MDM using an eg value of about 1.1 for the thin specimen and ].2 for the thick specimen. These results suggest that the global constraint factor controls the crack-surface displacements very close to the crack front and that the MDM can be used to model three-dimensional effects.
A comparison of out-of-plane displacements from analyses and tests for a thin-sheet specimen is shown in Figure 15 . The displacement in the zdirection, uz, was calculated at the free surface along the crack plane (y = 0 and z = B/2) and plotted against the normalized distance from the crack front, (x-c)/B. The present results are shown as the solid curve (E/ao = 238; n = O) for B = 2.5 mm.
(Note that the flow stress was selected as 300 To study this behavior, a finite-element model of a thin (B -2.5 mm) specimen was subjected to cyclic loading at various maximum applied stress-intensity factor levels with the minimum stress-intensity factor equal to zero (R = 0). During each cycle, the crack front was arbitrarily extended one element size (0.03 mm) at the maximum stress-intensity factor level. During unloading, the crack surfaces were allowed to close and carry compressive contact stresses But the stresses away from the crack front under cyclic loading were equal to or slightly higher than those under monotonic loading. In contrast, the behavior under the higher applied K level (Fig. 17) showed a large reduction in local stresses in the interior of the plate (Layer I). These results show that the cyclic stress history and crack extension can have a strong influence on the local stresses.
Global Constraint Factor.-The global constraint factors, _g, under monotonic and cyclic loading are compared in Figure 18 for the B = 2.5 mm thick material as a function of the applied stress-intensity factor level.
The symbols show the results of four cyclic crack-growth analyses conducted at different maximum stress-intensity factor levels with R = O. Results from the monotonic loading (from Fig. 10) Figure  38 was used to calculate crack growth under an aircraft spectrum loading. To illustrate why the variable-constraint conditions are necessary, calculations were made for constant constraint conditions of either eg = I or 2 (dashed-dot curves). The model with a low constraint condition (eg = I) predicted much longer flights to a given crack length than the test data.
Wanhill
Conversely, the predicted results for the higher constraint condition (_g= 2) greatly under-predicted the behavior except in the early stages of growth.
If the material had been tested at a mean-flight stress level lower than 70 MPa, irt is expected that the lives wouldhave fallen closer to the calculations madewith _g = 2 because the higher constraint condition would have been applied during more of the life time.
In contrast, tests conducted at a higher mean-flight stress level may have fallen closer to the calculated results using ag -1.
= .
I8 CONCLUSIONS Three-dimensional elastic-plastic (small-strain) finite-element analyses were used to study the stresses and deformations around a straightthrough crack in finite-thickness plates for an elastic-perfectly plastic material under monotonic and cyclic loading. For monotonic loading, the crack front was held stationary, whereas under cyclic loading the crack front was grown at maximum stress conditions. Three "local" crack-front constraint parameters related to the normal, tangential, and hydrostatic stresses were compared for middle-crack tension plates ranging from 1.25 to 20 mm thick with various crack lengths. Plane-strain solutions were also 
